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Abstract
Ultrafast terahertz pulses can be generated through a number of processes such as optical rectiﬁcation in an electrooptic crystal, a current surge in a biased photoconductive antenna, or charge transfer in aligned molecules. It will be
shown that all these rectiﬁcation processes can be described by a single analytical formula in the frequency domain.
A recipe is given for the quick calculation of terahertz waveforms generated through any rectiﬁcation process and
detected through electro-optic sampling. This theory is compared with experimentally measured terahertz waveforms.
 2005 Elsevier B.V. All rights reserved.
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1. Introduction
Although terahertz approximately single-cycle
sub-picosecond pulses were generated for the ﬁrst
time a long time ago through optical rectiﬁcation
[1] and using photoconductive switches [2], it has
been the development of eﬃcient techniques for
optical rectiﬁcation [3,4] and electro-optic sam*
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pling [5–10] in crystals such as ZnTe that has
allowed the great expansion of research using terahertz frequency radiation [11–13]. Terahertz
pulses are now used for applications as diverse
as spectroscopy of liquids, solids and gasses
[13], fundamental optics [14–17], studies of plasmas [18], imaging [19], and the measurement of
relativistic electron bunches [20,21]. For most of
these applications, the precise form of the terahertz wave generated is not that important. For
example, in terahertz time-domain spectroscopy,
one measures the waveform through electro-optic
sampling with and without a sample in the beam
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and the spectrum of the sample is determined by
a ratio of these two results. However, for some
applications in which the terahertz waveform
itself is analyzed in order to extract physical
parameters, it is crucial to know exactly what is
measured. There have been a few studies analyzing the electro-optic sampling signal and its
dependence on pulse width, pulse wavelength,
dispersion at terahertz frequencies, and dispersion in the electro-optic tensor [8,22–25], and
one recent study that also includes optical rectiﬁcation [26].
Optical rectiﬁcation in crystals such as ZnTe,
GaP, and GaSe is well understood. However,
there are other methods of terahertz pulse
generation that may appear to be based on
entirely diﬀerent physical processes. Terahertz
pulse generation in biased photoconductive
antennas relies on the excitation by a visible light
pulse of carriers from the valence to the conduction band where they are accelerated in an external DC electric bias ﬁeld. The resultant current
surge then gives rise to the emission of an electromagnetic terahertz pulse [27]. In a number of recent experiments [28–32] it has been shown that
microscopic currents within molecules due to
intramolecular photoinduced charge transfer can
give rise to the emission of terahertz radiation
as well if these molecules are somehow aligned.
When aligned, the microscopic currents on the
individual molecules add up to produce a macroscopic current that radiates an electromagnetic
ﬁeld. In the latter example of terahertz pulse generation by molecular charge transfer, measurement of the time dependence of the
electromagnetic transient allows one to extract
information about the microscopic currents. Similar analysis of terahertz pulse shapes has been
used to understand charge generation in semiconductors [33], semiconducting polymers [34], and
demagnetization of ferromagnetic ﬁlms [35]. In
these cases, it is necessary to have a model
describing the absolute terahertz pulse shape
(rather than changes in the pulse shape) and
how this shape is aﬀected by linear absorption,
reﬂections, and propagation. It is also preferable
to have an analytical model in order to facilitate
curve ﬁtting to extract microscopic parameters.

401

The three methods of generating terahertz
pulses, optical rectiﬁcation, current surge, and
charge transfer, are all manifestations of the same
physical process: rectiﬁcation. Here, it will be
shown that one can derive a general expression
from the Maxwell wave equation for rectiﬁcation.
The result is a frequency-domain equation for the
generated (terahertz) electromagnetic ﬁeld after
propagation through a rectifying sample, which
has an embedded function representing the local
(microscopic) generation process. Expressions will
be derived for this function for the cases of optical
rectiﬁcation, charge transfer, and current surge.
Using simple expressions for propagation from
the emitter into the far ﬁeld and electro-optic sampling, the theory can then be compared with experimental data for these three cases.

2. Coherent and incoherent optical rectiﬁcation
In general, a description of the generation
process for terahertz radiation in a generator
with a ﬁnite thickness is a complicated threedimensional problem. Often terahertz pulses are
generated in a biased photoconductive antenna
based on a semiconductor such as GaAs. As
the (low-power) absorption depth of GaAs at
800 nm is about 1 lm, it is typically assumed
that it is reasonable to describe the generation
region as inﬁnitely thin. In the experiments described here, such an assumption is certainly
not correct: The generation region is approximately equal to the sample length, which can
be as much as a millimeter. Nevertheless, it
may be reasonable to assume that the generation
region is much shorter than the distances over
which the curvature of the beam wavefront varies. In other words, the generation region is
much shorter than any of the focal lengths of
optical elements used in the setup. Diﬀraction
of the terahertz beam, although it will also take
place over the length of the generator or detector, can then be included separately. Under this
assumption, the electromagnetic waves can be
described as locally plane waves (see Fig. 1)
and one may use the one-dimensional Maxwell
wave equation, which, in SI units, is
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polarization such as that due to rectiﬁcation. Using
Laplace transformation, we ﬁnd the solution
Z z
~ xÞ ¼ Eð0;
~ xÞ eikz  k
df~pðf; xÞ
Eðz;
~nðxÞ 0
 sinðkðz  fÞÞ.

Fig. 1. The plane-wave approximation is made inside the
antenna.
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where z is the propagation direction, E the electric
ﬁeld, P the local polarization, and j the local current density. From now on, the source current will
be set to zero without loss of generality. The wave
equation is solved in the frequency domain and the
following ansatz is made:
(
~ xÞ ¼ AðzÞEðxÞ;
~
Eðz;
ð2Þ
~
P~ ðz; xÞ ¼ AðzÞEðxÞe
eðxÞ þ e0 p~ðz; xÞ;
0~
where A(z) is a function describing the gain (or
loss) a terahertz ﬁeld experiences on traversing
~
the sample, EðxÞ
is the spectrum of the terahertz
ﬁeld, ~eðxÞ is the dielectric response function of
the medium, and ~pðz; xÞ is a function describing
the microscopic polarization induced by some
external force. This ansatz is not equivalent to the
slowly varying envelope approximation [36]. The
ansatz for the polarization contains two terms:
The ﬁrst takes into account the linear optical response of the medium and the second any other

ð3Þ

In this expression, the ﬁrst term describes the
absorption of any external terahertz ﬁeld inside
1=2
the medium, where k ¼ kð1 þ ~eðxÞÞ  k~nðxÞ is
the complex wavevector inside the crystal. The
free-space wavevector of the terahertz ﬁeld is
k = x/c, and the frequency-dependent complex
refractive index is ~nðxÞ, which can be related
through ~nðxÞ ¼ n þ ia=ð2kÞ to the (real-valued)
refractive index n and the power absorption
coeﬃcient a.
Now it is important to make a reasonable
assumption as to the form of the ‘‘other’’ polarization while maintaining generality. In all cases of
relevance, a (visible) excitation laser pulse travels
through the medium inducing a polarization oscillating at terahertz frequencies. The most general
requirement then is that the medium responds
causally and begins somewhere in space, which
might as well be taken to be z = 0, leading to
~pðz; xÞ ¼ f~ ðxÞ eiknVIS z hðzÞ;

ð4Þ

where f~ ðxÞ is the frequency-domain representation of the response of the medium, h(z) is the
Heaviside step function, and nVIS is the group index of the excitation pulse determining its group
velocity throughvgroup = c/nVIS. Using Eq. (4) for
the polarization in Eq. (3) results in the analytical
solution

f~ eikzð~nnVIS Þ  1
ik~
nz
~
~
Eðz; xÞ ¼ Eð0; xÞ e 
nVIS  ~n
2~n

ikzð~
nþnVIS Þ
1e
ð5Þ
þ
eiknVIS z .
nVIS þ ~n
The second term between brackets in the above
equation corresponds to a backwards propagating
wave and can be ignored in what follows. The ﬁrst
term between brackets is the resonant generation
term and is of a more general form than a previously published expression [26].
In Section 3, models for the medium response
f~ ðxÞ will be discussed. Fig. 2 shows the predicted
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In the following, expressions will be derived for
f~ ðxÞ for various appropriate models.

E ( t ) ( a r b. u n i t s)

3.2

3.1. Optical rectiﬁcation

3.3

Optical rectiﬁcation is best understood in the
frequency domain as a diﬀerence-frequency mixing
process. Thus, the local microscopic second-order
polarization at frequency x is given by [36]

3.7
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Fig. 2. Generation of terahertz pulses through rectiﬁcation.
The terahertz phase index has been set to ~n ¼ 3.2 and the three
curves correspond to a visible excitation-pulse group index of
nVIS = 3.7, 3.3, and 3.2. The curve for nVIS = 3.7 has been
multiplied by a factor of 10 for clarity. The zero of time has
been deﬁned as the time when the visible excitation pulse exits
the generation medium.

terahertz pulse shapes for an instantaneously
responding sample calculated from Eq. (5) by a
numerical Fourier transform to the time domain.
In calculating these curves, it has been assumed that
the refractive (phase) index in the far-infrared region is constant. When the terahertz phase index is
very diﬀerent from the visible group index (~
n ¼ 3.2
and nVIS = 3.7), Eq. (5) predicts the generation of
a pair of terahertz pulses: one traveling with the terahertz phase velocity and one with the group velocity of the visible pulse. In this case (and in the near
ﬁeld!), the two terahertz pulses are a faithful copy
of the envelope of the excitation pulse although with
opposite sign. When the phase and group index are
closer in value, the generation of terahertz radiation
is more eﬃcient and the output is a single terahertz
pulse, which, in the limit ~
n ¼ nVIS , is shaped as the
derivative of the visible pulse envelope.

3. Models for the source of the terahertz
polarization
In Section 2, it was assumed that the polarization induced in the medium by the visible pump
pulse can be written as
P~ ðz; xÞ ¼ e0 f~ ðxÞ eiknVIS z hðzÞ.

ð6Þ

ð7Þ

which oscillates at the diﬀerence frequency. Ultrashort pulses have a distribution of frequencies and
therefore the above expression has to be integrated
over the distribution of Xs. It then follows that for
optical rectiﬁcation one can set the medium
response to
f~ ðxÞ ¼ vð2Þ ðxÞ~I pump ðxÞ;

ð8Þ

where ~I pump ðxÞ is the Fourier transform of the
intensity envelope of the pulse rather than the spectrum of the laser pulse. Thus, if only a single pulse
is rectiﬁed, the optical rectiﬁcation signal is not
sensitive to chirp in the visible pulse for a given
intensity envelope duration. Chirp may have an effect when a pair of visible pulses is rectiﬁed [37].
3.2. Terahertz emission due to charge transfer
When a molecule is electronically excited or
changes from one electronic state to another, it
often changes its permanent dipole moment
through an intramolecular charge-transfer process
[38]. It has been shown that if these molecules are
aligned to some degree, this will lead to the emission of electromagnetic radiation. The molecules
can be aligned by being conﬁned in a crystal lattice [28,29], by an external DC electric ﬁeld [30],
or by oriented deposition on a surface [31,32].
The source of alignment is not relevant here since
the degree of alignment is not expected to change
on the time scale of a typical terahertz pulse (1
ps).
First, a model has to be deﬁned describing how
exciting a particular molecule with an ultrashort
excitation pulse will change the permanent dipole
moment within the molecule itself. Two models
will be considered. First (see Fig. 3), a molecule
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Fig. 3. Two charge-transfer models considered in the text. (left)
Direct charge transfer. (right) Indirect charge transfer with one
intermediate state.

undergoing direct charge transfer [38], i.e., excitation causing an instant change in dipole moment
Dl followed by a slower return with rate c to the
original dipole moment. Second, a molecule
undergoing indirect charge transfer in which excitation is followed by a change of the dipole moment with rate c followed by a return to the
original state with rate C. In experiments measuring terahertz radiation from charge transfer, the
ﬁeld is typically measured in the far ﬁeld (except
for one report [31]) and therefore one only has to
consider the change in dipole moment. Thus, the
time-dependence of the permanent dipole moment
in the case of direct charge transfer is
DlðtÞ ¼ I pump ðtÞ  ½hðtÞDl ect ;

ð9Þ

where ‘‘’’ indicates a convolution, Dl is the
change in permanent dipole moment and h(t) is
the Heaviside step function ensuring the expression is causal. In the case of indirect charge transfer it is
DlðtÞ ¼ I pump ðtÞ  ½hðtÞDl ðeCt  ect Þ.

ð10Þ

The above descriptions of the change of the permanent dipole moment only consider changes in
magnitude. In general, one would have to consider
changes in direction as well.
If the molecule undergoing photoinduced
charge transfer is embedded in a dielectric such
as a liquid, crystal or protein matrix, the surrounding medium will respond to the electrostatic

changes taking place in the molecule. Here, a solute is considered with a charge distribution that
can be approximated as a point dipole l. The Onsager cavity model [39] has this dipole sitting in an
empty (spherical) cavity surrounded by a continuous dielectric with dielectric constant e. It will be
assumed [40] that electrostatics can be used if the
Onsager cavity problem is solved in the frequency
domain. This ignores retardation eﬀects, which
will be minimal over molecular distances in any
case. Fourier transformation can be used at the
end to return to a time-domain picture. Solving
the Onsager cavity problem by matching the scalar
potential inside and outside the cavity leads to the
well-know reaction ﬁeld inside the cavity [39]. Outside the cavity, the dipole moment plus the dielectric response appears like an enhanced dipole
moment given by the expression
~
lR ¼

3e
~
l.
2e þ 1

ð11Þ

It will be assumed [40] that the above equation can
be considered valid for all frequencies and therefore that the time-dependent eﬀective dipole moment is simply its Fourier transform. The
macroscopic polarization of the sample is then
given by
P~ ðxÞ ¼ N

3~eðxÞ
~ðxÞ;
l
2~eðxÞ þ 1

ð12Þ

where N is the number density of excited molecules
~ðxÞ is the Fourier transform of the appropriand l
ate function describing the time dependence of the
molecular dipole moment. Using the Fourier
transform of Eq. (9) or Eq. (10), one can ﬁnally derive the sample response function. In the case of
direct charge transfer,
f~ ðxÞ 

3~eðxÞ N Dle1
0 ~
I pump ðxÞ
2~eðxÞ þ 1 c  ix

ð13Þ

is found and in the case of indirect charge transfer,


3~eðxÞ N Dl
1
1
~I pump ðxÞ

f~ ðxÞ 
2~eðxÞ þ 1 e0
C  ix c  ix
ð14Þ
is found. The eﬀect of the dielectric response function in Eq. (12) is to introduce a delay in the
response: Even an instantaneous change of the
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molecular dipole moment will be observed at some
distance away as a fractional instantaneous
change proportional to the inﬁnite-frequency
dielectric constant and a slow response whose precise form and magnitude depends on the solvent
dynamics.

By taking the Fourier transform of Eq. (16) and
adding in the dielectric response of the surrounding medium as in Eq. (12) in the previous subsection, the response function for the current-surge
model is found
f~ ðxÞ 

3.3. Terahertz emission due to carrier acceleration
A third fundamental case is that of carrier
acceleration in an external DC electric ﬁeld. This
situation occurs in biased-semiconductor or conducting-polymer [34] antennas commonly used
for terahertz generation. In such a device, a pump
laser pulse excites carriers from the valence to the
conduction band. In the conduction band, the carriers are essentially a free plasma, which can be described with the Drude model, i.e., the velocity of
the carriers is governed by the diﬀerential equation
[41]
dv
e
¼ cs v þ  E;
dt
m

ð15Þ

where cs is the momentum relaxation rate, m* the
eﬀective mass of the carriers, and E is the DC bias
ﬁeld (in general the external DC bias ﬁeld plus the
terahertz ﬁeld generated elsewhere in the sample).
When an electron separates from a hole, a dipole
is formed with magnitude l = ex, where x is
their separation. Using the Drude equation (15),
it follows:
Z t
e2 Enf
P ðtÞ ¼ I pump ðtÞ 
hðtÞ
ds½1  ecs s ;
cs m 
0
ð16Þ
where P is the polarization density, and nf the carrier density. These expressions do not include the
eﬀect of carrier recombination or trapping, which
will usually have an eﬀect on a much longer timescale than is of interest here. The eﬀects of saturation (for example, the generated terahertz ﬁeld
canceling part of the DC bias ﬁeld) are also not
included in the interests of simplicity. However,
carrier recombination can easily be accommodated
by replacing the integrand in Eq. (16) by
exp (Cs)exp(css), where C is the carrier
recombination rate (and C  c).
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3~eðxÞ 1 e2 Enf
2~eðxÞ þ 1 e0 cs m


1
1
1
~I pump ðxÞ.


ix C  ix cs  ix

ð17Þ

The factor (ix)1 in the above expression is a result of the integral in Eq. (16). It is the principal
reason why terahertz pulses from biased photoconductive antennas have a single-cycle or even
half-cycle appearance.

4. Propagation into the far ﬁeld
In most terahertz experiments, the ﬁeld is measured in the far ﬁeld. A typical setup may consist
of a generator, a collimating mirror, a certain
propagation distance, a focusing mirror, and ﬁnally a detector. A typical f-number of the collimating
optic of about 3 implies that the far ﬁeld is typically already reached after the ﬁrst mirror. The
eﬀect of propagation into the far ﬁeld on the pulse
shape or its spectrum can be calculated using
Huyghens–Fresnel diﬀraction theory [42]. In the
time domain, the ﬁeld in the far ﬁeld can be related
to that in the near ﬁeld by a temporal derivative
(as well as a reduction of the ﬁeld amplitude inversely proportional to distance). In our experiments
[28,43], the visible excitation pulse is focused
through the generation medium and onto the electro-optic sampling detection crystal. In this case,
the far ﬁeld is again characterized by a temporal
derivative (and a logarithmic decay of the amplitude with focal distance). In the frequency domain,
the time derivative corresponds with a multiplication by ix.

5. Electro-optic sampling
The terahertz ﬁeld is typically measured using
electro-optic sampling. Phasematching equations
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for electro-optic sampling have already been presented in the literature [7,8,23,25]. In electro-optic
sampling, a (visible) gate pulse travels along with
a terahertz pulse in an electro-optic crystal. The
signal consists of elliptical polarization impressed
onto the gate beam by the Pockels eﬀect induced
by the terahertz ﬁeld and detected by balanced
detection. The electro-optic sampling signal in
this case is given by
DI EOS ðsÞ
Z
/ r41

Z

L

1

dtI gate ðt  s  znVIS =cÞETHz ðz; tÞ;

dz
1

0

ð18Þ
where s is the relative delay of the gate pulse and L
the length of the electro-optic detection crystal. By
writing the terahertz ﬁeld as a Fourier transform,
this expression can be rewritten as
DI EOS ðsÞ / r41


Z

~ THz ð0; xÞ
dx eixs~I gate ðxÞE

eix½~nnVIS L=c  1
;
ix½~
n  nVIS =c

ð19Þ

~ xÞ is the Fourier transform of the terawhere Eð0;
hertz pulse at the entrance of the electro-optic
detection crystal. Unfortunately, the electro-optic
sampling signal is not directly proportional to
the terahertz ﬁeld but incorporates a phasematching term. Only when the gate pulse is a delta function and the detection crystal inﬁnitely thin, is the
detected signal linearly proportional to the terahertz-pulse electric ﬁeld. Modiﬁcations can be
made to incorporate the eﬀects of dispersion in
the electro-optic coeﬃcient r41 and frequencydependent reﬂection of the terahertz wave on
entering the electro-optic crystal [24,25]. This
expression for the electro-optic-sampling signal
strength is not the same as our expression for terahertz generation equation (5). The reason is that
in electro-optic sampling, the ﬁeld that is modiﬁed
and detected (by a square-law detector) is a visible
femtosecond probe laser pulse. For this visible
pulse, it is very reasonable to make the slowly
varying envelope approximation [36] unlike for
the terahertz pulse.

6. Recipe
Based on the equations given in the previous
sections, one can now deﬁne a recipe for calculating the measured signal in an experiment in which
a terahertz pulse is generated through rectiﬁcation
and detected (in the far ﬁeld) by electro-optic
sampling. The generated ﬁeld is
~ ikzð~nnVIS Þ  1
~ THz;NF ðz; xÞ ¼  f e
E
eiknVIS z
2~n nVIS  ~n

ð20Þ

in the near ﬁeld, where one has to choose the right
form for f~ ðxÞ . In the far ﬁeld, this becomes
~ THz ðz; xÞ ¼ ixE
~ THz;NF ðz; xÞ.
E

ð21Þ

Finally, Eq. (19) is used to calculate the electrooptic sampling signal. The response function
f~ ðxÞ is given by Eq. (8) for optical rectiﬁcation,
Eq. (13) for direct charge transfer, Eq. (14) for
ndirect charge transfer, and Eq. (17) for the
current-surge model. In all cases, the response function is of the form
f~ ðxÞ ¼ ~rðxÞ~I pump ðxÞ;

ð22Þ

where ~rðxÞ is a property of the medium only.
Thus, the signal can be written as
Z
DI EOS ðsÞ / dx eixs~I pump ðxÞ~I gate ðxÞ
 ½ix~fgen ðxÞ~rðxÞ~fdet ðxÞ;
ikL1 ð~
nnVIS Þ
1
~fgen ðxÞ  e
;
2~
nðnVIS  ~
nÞ

~fdet ðxÞ  e

ikL2 ½~
nnVIS 

1
;
ik½~
n  nVIS 
ð23Þ

where L1 is the length of the generation medium
and L2 that of the detection crystal. The function
~fgen is seen to be the generation phasematching
condition and ~fdet that of the detection. A factor
exp(iknVISL1) has been dropped from the generation phasematching function (cf. Eq. (20)) in order
that time zero is deﬁned as the time when the excitation pulse exits the generation medium. However, when the generation medium attenuates the
pump beam, it is critical to put back in a factor
exp(kIm[nVIS]L1) with Im[nVIS] representing the
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attenuation. The term [ix] in Eq. (23) may be
dropped to obtain a near-ﬁeld result (for example,
when the detection crystal is on top of the generation medium [31]) although the above expression
does not contain any DC components that might
be present in that case. Extra terms can be added
to Eq. (23) to account for Fresnel reﬂections or
propagation through humid air. The whole calculation of the signal is analytical except for the ﬁnal
Fourier transform, which will have to be calculated numerically. Any pulse shape can be used
for the pump and gate pulses although in practice
it is convenient to use a Gaussian
~I pump=gate ðxÞ / expðx2 FWHM2 =ð16 ln 2ÞÞ

ð24Þ

or a sech-squared pulse
~I pump=gate ðxÞ / x cschðFWHMpx=ð4 arcsinh 1ÞÞ;
ð25Þ
where FWHM is the full-width at half maximum
of the intensity envelope in the time domain.
In order to calculate the signal, one requires the
far-infrared phase index ~
nðxÞ over the relevant frequency range and the group index at the wavelength of the pump/gate pulse for both the
generation and detection medium. The appendix
provides these data for the crystal ZnTe, the liquid
chloroform, and for Infrasil glass.
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7.1. Rectiﬁcation and electro-optic sampling in
ZnTe
The ﬁrst case analyzed is that of standard
optical rectiﬁcation in ZnTe. The ZnTe crystals
used in this study have been obtained from Ingcrys Laser Systems and were cut along the
Æ1 1 0æ plane. Both normal and high-resistivity
crystals have been used but no diﬀerence was
noticeable in these studies. The far-infrared
absorption spectrum of these crystals has been
measured and these data analyzed to get an
accurate formula for the dispersion of the dielectric function (see the appendix).
Fig. 4 shows the measured terahertz pulse generated in a 0.5-mm ZnTe crystal and detected in
a 0.2-mm ZnTe crystal. The theoretical curve in
Fig. 4 has been generated from the recipe Eq.
(23) with an instantaneous crystal response
(~rðxÞ ¼ 1), and 60-fs FWHM sech2 pump and gate
pulses. Non-linear least-squares curve ﬁtting has
been used to optimize the amplitude and zero of
time, which are essentially arbitrary in this experiment. Curve ﬁtting has also been used to optimize
the value of the group index experienced by the
pump and gate pulses. It was found that the precise center wavelength of the laser could vary
slightly from day to day, justifying this approach.
The group index used for Fig. 4 is nVIS = 3.13
which is close to a value of nVIS = 3.28 for the

In the following, some examples will be given of
the application of the recipe to a number of practical cases. The experimental setup used in these
experiments has been described previously [28].
Brieﬂy, the laser system uses 40–80-fs 800-nm 1–
2-mJ pulses with a 1-kHz repetition rate. The largest fraction of the beam (95%) is focused through
the samples in order to produce pre-focused terahertz radiation. The terahertz pulses are detected
using electro-optic sampling with the remaining
5% of the laser beam in 0.5- or 0.2-mm thickness
Æ1 1 0æ-cut ZnTe crystals. The transmitted gate
beam is analyzed with a quarter-wave plate and
a Glan–Thompson polarizer and detected by two
balanced Si PIN photodiodes.

E ( t ) ( a r b . u n i t s)

7. Practical examples

-1.0

-0.5

0.0

0.5
t (ps)

1.0

1.5

2.0

Fig. 4. Terahertz pulse generated in a 0.5-mm and detected in a
0.2-mm Æ1 1 0æ-cut ZnTe crystal with an 800-nm 40-fs pulse.
The curve is a theoretical ﬁt with nVIS = 3.13 and sech2 pump
and gate pulses with FWHM = 60 fs. Amplitude, zero delay,
and group index were left as free ﬁt parameters.
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group index at 800 nm in ZnTe calculated from
refractive index data [44].
It can be seen that the correspondence between
experiment and theory is quite good in the case of
optical rectiﬁcation in ZnTe. The far-infrared
refractive index of ZnTe varies from about 3.1 at
low frequencies to about 4 at 5 THz. The frequency at which the terahertz phase index equals
the visible (nominally 800 nm) group index, determines the dominant frequency of the produced terahertz pulse itself, which is about 2 THz in our
case. Any terahertz radiation generated below this
frequency will propagate faster than the visible
pump pulse. This explains the signal at negative
delay and the overall chirped appearance of the
terahertz pulse. The correspondence between
experiment and theory is poorest at negative delay
indicating a problem at low frequencies. This
could be due to errors in the dispersion curve or,
more likely, the fact that diﬀraction during generation has not been included in the theory.
7.2. Terahertz emission by charge transfer in
solution
The second case considered here is that of
terahertz generation through charge transfer in
solution. Fig. 5 shows a terahertz pulse emitted
by a sample consisting of a solution of Reic-

hardtÕs dye in chloroform polarized by an external electric ﬁeld. The detection of the terahertz
radiation is through standard electro-optic sampling in a 0.5-mm Æ1 1 0æ ZnTe crystal as in the
previous section. The sample consists of a 1-mm
thickness 1-cm width Infrasil glass cuvette ﬁlled
with a solution of ReichardtÕs dye (betaine)
in chloroform. All chemicals were obtained from
Sigma–Aldrich and used without further puriﬁcation. Two 0.5-mm diameter copper-wire electrodes were inserted into the solution with a
separation of 8 mm in order to apply a polarizing
electric bias ﬁeld. The bias ﬁeld was a 12 kV/cm
quasi-DC (100-ns pulse width) electric ﬁeld pulsing synchronously with the 1-kHz repetition rate
laser.
When ReichardtÕs dye is excited at 800 nm, the
molecule instantly changes its dipole moment. This
is followed by a thermally induced electrontransfer reaction returning the system back to its
ground state. The rate of back electron transfer
is strongly controlled by the solvent [45,46] and
takes place in about 2.8 ps in chloroform [46,47].
Fig. 5 also shows a theoretical calculation based
on the recipe equation (23) using Eq. (13) to model
the direct electron-transfer response of ReichardtÕs
dye. Also included were Fresnel reﬂections oﬀ the
solution-glass and glass-air interfaces as well as
absorption in the glass wall of the cuvette. The

charge separation
(theory)

| E ( ω) |

E ( t ) ( a r b . u n it s )

theory

data

-1

data

theory

0

1
t (ps)

2
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1

2

3
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Fig. 5. Terahertz emission due to photoinduced electron transfer in ReichardtÕs dye in chloroform and comparison with theory. The
ﬁgure on the left shows the time-domain data and a comparison with theory as well as a curve indicating the time scale of thermal back
electron transfer in ReichardtÕs dye. The ﬁgure on the right shows the Fourier transforms of the data and theory. In calculating the
theoretical curve, 80-fs FWHM Gaussian pulses were used for the pump and gate pulses, a group index in chloroform of
nVIS = 1.45461, and 1% transmission of the pump pulse through the sample. Parameters for detection are the same as in Fig. 4.
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dispersion of the far-infrared absorption and
refractive index of chloroform and Infrasil glass
are discussed in the appendix. The theoretical
curve in Fig. 5 has no free ﬁt parameters except zero
delay and overall amplitude, and the electrontransfer time was set at 2.8 ps. The group index in
chloroform at 800 nm was calculated from dispersion data as nVIS = 1.45461. Transmission of the
pump pulse through the sample was set at 1%.
The correspondence between theory and data in
Fig. 5 is not great although the overall appearance
is similar. It was found that the precise shape of
the theoretical curve depends strongly on the farinfrared properties of the materials involved, i.e.,
chloroform and the glass of the cuvette used. In
addition, these properties are changeable; for
example, chloroform is slightly hygroscopic and
a small amount of water can greatly increase the
far-infrared absorption. The shape of the theoretical curve is not very sensitive to the rate of thermal
back electron transfer: varying the electrontransfer time between 0.28 and 28 ps has a noticeable but minor eﬀect on the calculated curve.
7.3. Terahertz emission by large-area biased
photoconductive antennas

theory
data

-1

0

1
t (ps)

450-lm thickness semi-insulating Æ1 0 0æ-cut GaAs
wafer with silver-paint electrodes on either side
with a separation of 5 mm. A pseudo DC bias voltage was applied to the antenna as described in the
previous subsection with a ﬁeld strength of 4 kV/
cm. The optical setup was also as described above
with the excitation beam focused through the
sample and electro-optic sampling in a 0.5-mm
Æ1 1 0æ-cut ZnTe crystal and balanced detection.
Fig. 6 shows the terahertz pulse measured
experimentally in this setup and a theoretical curve
calculated using the recipe of Eq. (23) and the
response function equation (17) to model the
current surge. The detection through electro-optic
sampling was modeled as described above with the
dispersion data from Appendix. The far-infrared
dielectric properties of GaAs have been modeled
with an oscillator equation (Eq. (26)) ﬁt to
published absorption and refractive-index data
[44]. The refractive index dispersion around 800
nm has been modeled with a 3rd-order polynomial
from which a group index at 800 nm of
nVIS = 4.2039 was derived. An assigned imaginary
part of the 800-nm refractive index has been used
to incorporate attenuation as described above.
For the current-surge model Eq. (17) a scattering
time of 100 fs and a recombination time of 0.5
ns have been used. In the calculation, it has been
assumed that the 800-nm generation pulse is
absorbed by GaAs in a 1-lm thick layer to 1%

| E ( ω) | ( arb. u n it s)

E ( t ) ( a r b . u n it s)

The third and ﬁnal case considered here is
terahertz emission from a large-area biased photoconductive antenna. This antenna consists of a

2
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Fig. 6. Terahertz pulse generated in a DC-biased GaAs large-area photoconductive antenna and detected in a 0.5-mm ZnTe crystal
through electro-optic sampling. The parameters for the theoretical curve are: 80-fs FWHM Gaussian excitation and gate pulses,
generation in 1-lm GaAs with 1% transmission through this layer, propagation through 440-lm unexcited GaAs, current-surge model
with sscattering = 100 fs, srecombination = 0.5 ns.
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of its original strength after which the generated
terahertz pulse propagates through the remaining
449 lm of unexcited GaAs. In practice, the exact
thickness of the excited layer has very little if any
inﬂuence on the terahertz pulse shape. Considering
the simplicity of the model, the agreement between
data and theory in Fig. 6 is excellent.

8. Conclusion
The recipe presented here allows quick and
nearly analytical calculation of terahertz pulse
shapes generated through rectiﬁcation and detected (in the near or far ﬁeld) through electrooptic sampling. The calculation is straightforward
enough that it can be incorporated into curveﬁtting programs and used to extract useful parameters from the data. Terahertz pulse generation has
been modeled before using purely numerical methods such as the ﬁnite diﬀerence time-domain
(FDTD) technique [48]. Such purely numerical
techniques are required to describe pump-probe
type experiments but are overkill for (essentially)
linear-optics experiments as described here. We
have set up our own one-dimensional FDTD program and checked that the nearly analytical calculations presented here give identical results.
In the three experimental cases described here,
the correspondence between theory and experiment is good although deviations on the order of
5–10% do occur. There are a number of possible
causes for these deviations. First of all, one needs
an accurate description of the dispersion in the
dielectric properties of the materials involved. Especially in the charge-transfer experiments, this is crucial as the solvents used have strong absorption and
dispersion in the far infrared magnifying the potential problems. In addition, the material of the cell
holding the sample may be strongly dispersive.
Dispersion at the visible wavelengths of the
pump and gate lasers has not been included at
all here. In fact, ZnTe introduces a large groupvelocity dispersion that will broaden the visible
pulse on propagation through the crystal. Based
on the dispersion of ZnTe around 800 nm [44]
one calculates a GVD of 1.7 ps2/m, which would
broaden a 40 fs pulse to 72 fs in a 0.5-mm ZnTe

crystal. To accommodate the eﬀects of pulse
broadening, we have simply used slightly longer
pulse widths in the theory than those measured
experimentally (i.e., 60–80 fs for an experimental
pulse width of about 40 fs). It is possible to incorporate the eﬀects of GVD for Gaussian pulses in
the recipe at the expense of a much more complicated expression. It has also been seen in preliminary experiments (data not shown) that the shapes
of terahertz pulses generated through optical rectiﬁcation in ZnTe are sensitive to the power density.
This could possibly be caused by self-phase modulation and non-linear pulse broadening. The data
shown here has all been collected at powers low
enough to avoid such non-linear eﬀects.
The calculation of the terahertz pulse shape
generated in a large-area biased photoconductive
antenna is somewhat suspicious considering the
approximations made. Excitation of carriers to
the conduction band at the power densities used
in our experiments (and most other experiments
of this kind) should signiﬁcantly change the dielectric properties of the substrate GaAs. The photogenerated plasma has a plasma frequency in the
terahertz range resulting in enormous changes in
the far-infrared refractive index and absorptivity.
Moreover, saturation can lead to hole burning in
the valence-band-conduction-band transition and
result in changes to the group index. A precise
and detailed description of these phenomena is
well outside the scope of this paper.
It was concluded from the terahertz emission
from electron-transfer experiment in ReichardtÕs
dye that the signal hardly depends on the thermal
back electron-transfer rate. This is not actually so
surprising. From the equation describing terahertz
generation, Eq. (5), and Fig. 2 it can be seen that,
if the far-infrared phase index and the visible
group index are approximately matched, the
resulting terahertz pulse in the near ﬁeld is the
derivative of the local polarization. Propagation
into the far ﬁeld introduces an additional derivative. The local microscopic polarization in photoexcited ReichardtÕs dye rises with the pump pulse
(40 fs) and exponentially decays along with back
electron transfer (2800 fs in chloroform). The
derivative of the rise will therefore be about 70
times greater than the derivative of the decay.
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Propagation into the far ﬁeld introduces another
derivative and thus another factor of 70. Therefore, in the case of direct charge transfer, the vast
majority of the signal will appear to have the shape
of the ﬁrst derivative of the pump pulse. However,
with indirect charge transfer and/or by performing
the experiment in the near ﬁeld, it should be possible to use this technique to determine charge transfer rates directly without using spectroscopic
assumptions.
Finally, the equations presented here do not take
into account reﬂections. In high refractive- index
materials such as ZnTe, a good portion of the visible
and terahertz ﬁelds may be reﬂected oﬀ the crystalair boundary. This results in the well-know reﬂection pulse some tens of picoseconds after the main
pulse (in a typical 1-mm ZnTe crystal). However,
it can also lead to electro-optic interaction between
a visible and a terahertz pulse propagating in opposite direction. For long pulses, this may lead to
further distortions in the pulse shapes.

have been incorporated in the curve-ﬁtting procedures. The data have been ﬁtted using a nonlinear
least-squares curve-ﬁtting program. The uncertainties in the ﬁt parameters are 68.3% joint-conﬁdence intervals [50] and, therefore, take into
account uncertainties resulting from correlations
between the parameters.
The far-infrared absorption spectrum up to 15
THz of a 0.5-mm Æ1 1 0æ ZnTe crystal is shown
in Fig. 7 together with refractive index data up
to 4.5 THz taken with the terahertz time-domain
spectroscopy technique and extracted from previous publications [51,52]. The FTIR spectrometer
used to obtain these data saturated at an optical
density of 3.5–4 and therefore the strong TO-phonon band at 5.5 THz could not be measured in
its entirety. The spectrum is consistent with previously published results [53] above 5.8 THz. The
data were curve-ﬁtted using the dielectric function
erel ðxÞ ¼ es þ

X
j
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Appendix. Absorption and dispersion of ZnTe and
chloroform in the far infrared
Infrared spectra have been taken with a Bruker
Vertex 70 Fourier-transform Infrared spectrometer (FTIR) equipped with either a mid- or farinfrared-sensitive deuterated triglycine (DTGS)
detectors used at room temperature. For far-infrared measurements, a multilayer Mylar beamsplitter has been used allowing the measurement of
spectra from >10 to 670 cm1. The FTIR absorption spectra have been used ‘‘as is’’ and the eﬀects
of attenuation due to reﬂections at the surfaces

x2j

Aj x2j
;
 x2  2icj x

ð26Þ

which was used to calculate the refractive index
and the apparent absorption coeﬃcient (that is,
including the eﬀects of reﬂections oﬀ the front
and back surface of the crystal). As no data could
be obtained between 4.8 and 6.8 THz, refractiveindex data [51,52] were required to get a meaningful ﬁt below the main TO-phonon band. The ﬁt

4
refractive index
n an d α/ 100 ( cm-1)
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Fig. 7. Infrared absorption spectrum of a 0.5-mm ZnTe crystal.
The data were taken with a Fourier-transform infrared spectrometer equipped with deuterated triglycine (DTGS) detectors
for the far- and mid-infrared regions. Data up to 20 THz were
taken into consideration for curve ﬁtting. Also shown is the
refractive index data up to 4.5 THz [51,52].
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Table 1
Fit parameters for the infrared absorption spectrum of ZnTe
j

Aj

xj/2p (THz)

cj/2p (THz)

1
2
3
4
5
6

0.3 ± 0.2
0.11 ± 0.02
3.0 ± 0.2
0.008 ± 0.002
0.0029 ± 0.0006
0.005 ± 0.0005

1.4 ± 0.2
3.66 ± 0.04
5.45 ± 0.05
7.18 ± 0.02
8.97 ± 0.05
10.52 ± 0.03

0.8 ± 0.4
0.57 ± 0.09
0.028 ± 0.005
0.20 ± 0.04
0.28 ± 0.08
0.31 ± 0.04

eS = 6.8 ± 0.3.

1.9

4

1.8

2

n

α/ 1000 ( m-1)

3

1.7

Table 3
Parameters for the infrared absorption spectrum of Infrasil
glass
j

Aj

xj/2p (THz)

cj/2p (THz)

1

2.764

20

1.349

eS = 1.

Fig. 8 shows the far-infrared absorption and
refractive index spectrum of chloroform. These
data have been ﬁtted to Eq. (26) with two components. The ﬁt parameters are shown in Table 2.
Chloroform is slightly hygroscopic and absorption
due to trace amounts of water cannot be excluded.
The peak absorption seems to be a bit high compared with published spectra [55]. Similarly, the
far-infrared absorption and refractive-index spectrum of Infrasil glass was taken. These data have
been ﬁtted to a one component model with parameters as shown in Table 3.

1
1.6
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f (THz)

3

Fig. 8. Far-infrared absorption and refractive index spectrum
of chloroform taken using a terahertz time-domain spectroscopy setup.

parameters are listed in Table 1. The ﬁrst two
bands at 1.4 and 3.66 THz are observed with equal
amplitude in all the samples consistent with an
assignment [54] as the TO-LA and LO-TA diﬀerence bands, respectively. The third band at 5.45
THz is the strongly infrared-active fundamental
TO-phonon band [51–54], which is largely responsible for the refractive-index dispersion in this frequency region. The bands above 5.5 THz are
combination bands [53]. For the simulations of
terahertz pulses, only the three lowest frequency
bands have been taken into consideration.
Table 2
Parameters for the infrared absorption spectrum of chloroform
j

Aj

xj/2p (THz)

cj/2p (THz)

1
2

2.14
0.16

0.32
1.66

0.84
1.1

eS = 2.546.
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